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A simple formalism is developed to describe by means of a symmetry-adapted  
wavefunction the localized hole states which may arise in symmetric  systems. 
A short CI expansion is generated in a systematic way from the delocalized 
molecular  orbitals of the SCF ground state. For the 3do-u hole state of the 
Cu~ ion, the symmetry  adapted and the broken symmetry solutions approxi- 
mately correspond to the same energy at that level of CI. 
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1. Introduction 

During the last ten years, molecular orbital calculations on ionization or excitation 
of an electron f rom inner shells have raised the problem of hole localization and 
symmetry-breaking in computed wavefunctions [1]. It  has been shown that the 
removal  of space symmetry conditions in this type of calculations changed 
drastically the nature of the stationary point obtained at convergence of the SCF 
iterations. The total energy associated with this type of "b roken-symmet ry  
solution" is substantially lower than the energy corresponding to the symmetry-  
adapted solution, in some cases by more  than 10 eV. [1-2]. In a consistent way, 
the occurrence of the broken-symmetry  solutions has considerably improved the 
agreement  between theory and experiment  for a large scope of spectroscopic 
propert ies related to the core hole states [3]. It is known that the occurrence of 
symmetry-breaking gives an indication for strong correlation effects in a system 
which is not allowed to dissociate correctly [11]. Relaxation of space symmetry 

0040-5744/82/0061/0379/$01.40 



380 M. Benard 

constraints allows such a correct dissociation and the energy difference between 
the symmetry-adapted and the broken-symmetry solutions can be considered as 
part of the correlation energy (since the correlation energy is usually defined 
with respect to the energy of the RHF symmetry adapted configuration). 
However,  broken symmetry solutions display some disadvantages, since 
- t h i s  part of the correlation energy is difficult both to estimate and to improve 
- i t  strongly depends upon the geometry of the system, which makes broken 
symmetry solutions unadapted to compute potential energy curves. 
This situation is very similar to the one encountered with Unrestricted Har t r ee -  
Fock solutions, which occur from the relaxation of spin symmetry constraints. 

Because of these reasons, the search for a symmetry adapted wavefunction as 
accurate as the broken symmetry solution is still active. Several approaches have 
been considered up to now: 
- a  full CI calculation performed on the broken symmetry solution will yield a 
wavefunction displaying the full molecular symmetry. However,  when the 
wavefunction is distorted too much, the CI expansion constructed from single 
and double excitations will remain far from full symmetry [4]; 
- still starting from the broken symmetry solution, an alternative way to recover 
the proper  symmetry consists in applying the appropriate group theoretical 
projection operator.  However,  this method is not of current use because of 
difficult optimization and orthogonality problems [5]; 
- o n e  may rather start from the symmetry-adapted SCF wavefunction and per- 
form either a CI expansion on the basis of single- and double-excitations, or a 
MCSCF treatment  on a limited set of configurations. The first approach was 
chosen by Butscher et al. to describe several core ionized and core-valence excited 
states of N2 [6]. These authors obtained very accurate results, but after a brute 
force treatment involving 200 000 to 300 000 configurations. On the other hand, 
~ g r e n  et al. [1] obtained a correct description of the ls core level states of O~- 
after a MCSCF treatment  involving a limited number of configurations (2 to 5). 

This short review shows that the latter approach seems up to now the most 
promising one. However,  the authors did not propose any systematic way to 
select the active space from which the MCSCF configurations are generated. 
The fact that this active space can be restricted to 4 orbitals only* might be far 
from general and, at worst, specific to the case of O~-. 

The aim of this article is to describe the systematic generation of a restricted CI 
expansion performed from the symmetry-adapted SCF wavefunction. For 
diatomic systems, the size of this expansion will be usually less than 100 
configurations. The corresponding correlation energy is of the same order of 
magnitude as the energy gain brought by symmetry breaking, but discontinuities 
on the potential curves are obviously avoided [11]. An application is given for 
a 3d level hole state of the Cu~- ion, a system for which the occurrence of a 
broken symmetry solution has been pointed out recently [7, 8]. 

* The ltrg and lo-, ls core orbitals and the 11r, and l~rg valence orbitals of O~ 
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2 .  T h e o r e t i c a l  C o n s i d e r a t i o n s  

Let us consider a system with n equivalent centers. The symmetry  adapted 
inner-shell orbitals related to these centers can be divided into subsets of near 
degenerate  MO's  corresponding to the same atomic shell. For instance, all MO's  
corresponding to a given s shell will be collected into a unique subset of size n. 
However ,  the MO's  corresponding to a given p shell can be further separated 
if p,, py and Pz are not allowed to transform into each other. Therefore,  the 3n 
MO's  of a given p shell will be split into three subsets of size n if x, y and z 
belong to different irreducible representations. Otherwise, one can get either 
two subsets of size 2n and n or one unique subset of size 3n. The subsets 
involving d- type  orbitals can be defined from similar considerations�9 

Let  us assume that one electron is ionized, or excited, f rom an orbital 
belonging to a given subset i, of size n. The symmetry-adapted  SCF ground state 
configuration for this hole state will correspond to: 

(i~, i~, . .  .2 ., �9 �9 �9 . ,  t , -a ,  l , )  �9 �9 �9 (valence orbitals) ~ (virtual orbitals) t (1) 

Assuming that v is the total occupancy of valence orbitals, and t that of virtual 
orbitals (t being 0 for an ionization and 1 for an excitation)�9 According to the 
definition of subsets, each orbital of subset i, including i, is delocalized over the 
n centers�9 The problem consists in localizing in on a given center through a CI 
treatment�9 This process will be done through a mixing of in with the n - 1 other 
orbitals of subset i. One may think of an expansion involving all excitations 
generated inside subset i. However ,  if the active space* is restricted to subset i 
alone, the CI expansion will be limited to n -  1 single excitations. Such an 
expansion will obviously not per turb the ground state because of Brillouin's 
theorem. Therefore,  the active space must be extended over the whole set of 
MO's ,  but the generation of configurations must be constrained in order to retain 
only those contributing to the localization of in. If we restrict our expansion to 
the first order interacting space, those configurations must satisfy two conditions: 

- t h e y  must correspond to mono-  or biexcitations with respect to the ground 
state (1); 

- t h e y  must correspond to a one-electron excitation i n s i d e  subset i, in order to 
be effective in the localization process�9 

Such a set of configurations is generated by the m o n o e x c i t a t i o n s  arising from 
n - 1 reference states: 

(i~, iz 2, .2 .2 
�9 . . . �9 , l n - - l : ,  l n )  �9 . . 

(i~, i~, .2 .2 
" ' "  . . . ,  tn--l, t n ) ' ' "  (2) 

(i1 z, iz2, .1 
�9 . .  . . . ,  l n - 1 ,  iz~) " ' '  . 

These reference states correspond to all possible one-electron replacements 
inside subset i. 

* The active space in a CI treatment is defined as the orbital set from which configurations are 
generated. 
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The case of a diatomic molecule is especially simple. In the SCF ground state 
�9 2 .1 of the ionized or excited molecule, subset i is reduced to (tl, t2), and the CI 

expansion will be performed over the whole set of configurations which are 
monoexci ted with respect to the unique reference state 

�9 . .  (i~, i2) . . .  . 

In practice, the systematic generation of this set of configurations is extremely 
easy, even in the most general case. The molecular orbitals of the system are 
divided into three groups which appear sequentially: 
- the set of virtual orbitals, of total population t (t = 0 or 1) in the SCF ground 
state; 
- the n orbitals of subset i; 
- the other  orbitals, all occupied in the SCF ground state. 

If pl and p2 are the populations of groups i and 2 respectively, the configurations 
to be kept must satisfy the conditions: 

t<<_p~<_t+l 
2 n - l  +t<-pl+p2<_2n+t. (4) 

If the CI expansion is performed through the unitary group approach [10], 
conditions (4) can be easily satisfied at the level of configuration generation. 
Configurations which are singly excited with respect to the ground state may be 
discarded in a further step. 

C + 3.  A p p l i c a t i o n  to  t h e  3 d w u  H o l e  S t a t e  of  u z  

3.1. Survey of Recent Results 

Cox et al. [7] have performed ab initio MO SCF calculations for the localized 
and delocalized 3do-u hole state of the Cu~- ion, at a Cu-Cu distance of 2.40 ~k. 
When the molecular symmetry is broken, this 3d ionized state shows virtually 
complete localization with an energy gap of about 2.8 eV with respect to the 
symmetry-adapted solution. Similar results have been achieved by Post and 
Baerends using the L C A O  Har t ree -Fock  Slater (HFS) method [8]. 

Configuration interaction was also performed by Cox et al. for both the localized 
and the delocalized solutions (Table 1). In these CI calculations, the expansion 
was performed as usual over all singly and doubly excited configurations arising 
from a given set of active orbitals. In a first calculation (Expansion 1), the active 
space for the delocalized system was restricted to the set of 4 orbitals do'~, &r,, 
scrg and scru. A similar expansion was used for the localized solution with the 
equivalent set of orbitals. The  corresponding energy lowering for the symmetry- 
adapted solution was found much larger than for the broken-symmetry solution 
(1.16 eV instead of 0.09 eV) but the difference was just about one third of the 
energy gap at the SCF level. In a second CI calculation (Expansion 2), the size 
of the active set was increased from 4 to 8 orbitals and the difference in correlation 
energy between the symmetry-adapted and the broken-symmetry solution was 
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then slightly more than half of the SCF gap. Therefore, the "classical" CI 
expansion for the symmetry-adapted solution of Cu~ seems to be a slowly 
convergent process. 

3.2. Computational Details [12] 

SCF calculations for the delocalized 3do'u hole state of the Cu~- ion and for the 
equivalent localized state were performed with a Gaussian basis set [12, 7, 5] 
contracted to [5, 3, 2]. This basis set had been used by Demuynck et al. [9] and 
by Cox et al. [7] in the calculations reported in section 3.1. The Cu-Cu distance 
was set equal to 2.40 ~,  namely the distance used in Ref. [9] and [7]. The energy 
difference at the SCF level between the symmetry-adapted (D~oh) and the 
broken-symmetry (C~)  solutions is 0.1024 a.u. 

In order to localize the 3do-, hole state while retaining the Dooh symmetry, a 
new CI expansion (Expansion 3) was performed on the symmetry-adapted MO's. 
The configurations were selected according to the criterions defined in Sect. 2. 
The active set included the ten occupied 3d orbitals (including the half-filled 
3do-u), the occupied strg and the whole set of unoccupied orbitals, that is 30 
orbitals on the whole. The inner shell orbitals were kept frozen. We retained 
all configurations which are doubly excited with respect to the SCF ground state 
dtr 2 do'l~ str2g and singly excited with respect to the dtr~ dtr2~ sO-2g configuration*. 
A set of 37 configurations was generated including the SCF ground state. The 
energy lowering with respect to the SCF ground state is now 0.1190 a.u. A 
similar expansion performed on the broken-symmetry MO's generated 71 
configurations, but yielded an energy decrease of 0.0036 a.u. only. Therefore, 
at this level of CI, the Dooh solution becomes slightly lower in energy than the 
Coov one (Table 1). 

4. Conclusion 

In the present work, we have developed a computationally inexpensive method 
to calculate a symmetry adapted wavefunction for a localized hole state. The CI 
expansion performed over the symmetry-adapted SCF molecular orbitals in- 
volves a very limited set of configurations. In the case of a diatomic molecule, 
these configurations are monoexcited with respect to a unique configuration 
which is near-degenerate with the SCF ground state. The application to the 3do-u 
hole state of the Cu~ ion, which is almost completely localized, shows that the 
symmetry-adapted and the broken-symmetry solutions approximately corre- 
spond to the same energy at that level of CI. However, at the SCF level, and at 
several levels of classical "single and double" CI, the broken-symmetry solution 
was significantly lower in energy. The method presented here can be applied 

* In point group Dooh, the subset of do- molecular orbitals active in the localization process is of 
size n = 2: dog and do'.. However, xy and yz belong to a twofold degenerate representation and 
therefore, the subset size for a d~r state would be 2n = 4 
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without any loss of efficiency to localized hole states which may arise in systems 
displaying a number of equivalent sites larger than two. 
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